We demonstrate that the class of self-dual codes over GF(q), for q an arbitrary prime power, contains members that satisfy a modified VarshamovGilbert bound that is asymptotically the same as the usual bound. This is an extension of the results in MacWilliams, Sloane, and Thompson (1972) for a subclass of self-dual codes over GF(2).
The Varshamov-Gilbert bound (Peterson, 1961, and Berlekamp, 1968) specialized to rate one-half codes over GF(q) guarantees that there exist group codes of length 2k, dimension k, with minimum distance d when d is the largest integer such that a-~ (2k£ 1) q~. 
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The asymptotic form of this bound (Berlekamp, 1968, Theorem 13.74) appropriate for large k says that such codes exist with d/2k > y when y is the smaller root of 2y log(q --1) --2y log(y) --2(1 --y) log(1 --y) = log(q).
In fact, it is possible to extend results for GF(2) (Pierce, 1967) to show that most long group codes have this property.
In a recent paper, MacWilliams, Sloane, and Thompson (1972) showed that over GF(2), the much smaller class of self-dual codes containing only vectors with code-weights divisible by four contains members that asymptotically satisfy the Varshamov bound. In this note we prove an analogous result for self-dual codes over any GF(q) where q is a power of a prime.
A self-dual code is a rate one-half code all of whose vectors are orthogonal to each other (and themselves) with respect to the usual dot product. We let k be the dimension of a self-dual code in a space of dimension n = 2k over GF(q). When q ~ 1 (mod 4), self-dual codes of length 2k exist for all values of k. When q ~ 3 (mod 4), a self-dual code exists only when 2k is divisible by 4 (Pless, 1968) . Hence, for q ~= 3 (mod 4), we consider only even k. We further always take k > 1.
In order to prove our result we present formulas in (3) for the number of self-orthogonal vectors of Hamming weight < d, in (4) for the total number of self-dual codes, and in (5) for the total number of self-dual codes containing a specific self-orthogonal vector. The first formula can be derived from Dickson's (1901) results for the total number of ways a sum of squares in a finite field can be zero. We let A(2k, d) be the total number of nonzero selforthogonal vectors of length 2k and weight w < d. Then
A(2k, a) = Z

Aw,
W=2
where Aw is the number of ~ = (El ,..., ~w) for which no s~i is zero, but w 2 Y'.,=l ~:i = 0. In order to evaluate A~, we define Dw to be the number of arbitrary ~: such that ~2i~1 ~i 2 = 0. When q is odd, the value of Dw is given in Dickson (1901) . When q is even, D~ = q~-i since the first w --1 coordinates of ~ may be chosen arbitrarily, and a unique ~:w is determined by the require-W W ment that ~=1 ~i 2 = 0. It can be seen that D w = ~=0 (~') Aj. Hence we can solve for the Aw, and substituting these values into the equation above for
where a = 0 if q is even, a-1 if q ~ 1 (mod 4), and a =--1 if q ~ 3 (mod 4).
We next let B(k) be the total number of self-dual codes in a space of dimension 2k. The B(k) is given by Pless (1968) as In order to derive the third formula we consider the set of all vectors orthogonal to a specific self-orthogonal vector x where the weight of x is less than n. (This restriction is needed only when q is even.) This set of vectors is a subspace of dimension n --1 and is denoted by <x) ±. Then <x) ± = <x) @ U, where U is a nonsingular space (i.e., no vector in U is orthogonal to all of U) and is of dimension n --2. Now there exists at least one k-dimensional selfdual subspace WD <x) [(Artin, 1957) for fields of characteristic not 2 and (Pless, 1964) for fields of characteristic 2], and each such W can be written uniquely as a direct sum of <x) and a (k --1)-dimensional self-orthogonal subspace of U; conversely every such direct sum is clearly a k-dimensional self-dual subspace. This shows two things: first that U contains selforthogonal subspaces of half the dimension of U, and second that they are in one-one correspondence with those self-dual subspaces of the whole space that contain x. The first of these shows that the maximal dimension selforthogonal subspaces of U are actually of dimension k --1 rather than k --2; coupled with the nonsingularity of U this permits us to find from Pless (1965) the number of these subspaces. For q even, the appropriate formula is that for a nonalternating form; for q odd, the appropriate formula is that for a symmetric bilinear form on a space containing a self-dual subspace. Letting C(k) be the number of self-dual subspaces of U, which by the arguments above is also the number of self-dual codes containing any given self-orthogonal vector of weight less than n, we have /e--2
..r~= 1 where, again, b = 1 if q is even and b = 2 if q is odd.
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then there exist self-dual codes of minimum distance >/d. The bound differs in some details from (1); Table I gives a brief listing of attainable minimum distances for several values of 2k and q. Constructions are not known for most of the codes whose existence is guaranteed by Table I . The tabulated minimum distances were derived by determining, with the aid of a computer, the largest d that satisfied (6). [A table of attainable minimum distance in self-dual codes over GF(2), all of whose weights are divisible by 4, is given in (MacWilliams, Sloane, and Thompson, 1972) .] Using the usual asymptotics, it can be verified that
with y as in (2), so that almost all long self-dual codes attain a d/2k ratio as large as that guaranteed by the Varshamov estimate. Table II gives this value of y for the same values of q tabulated in Table I . For fixed k, the asymptotic relation in q obtains that as q-+ oo, so that for any fixed k we are guaranteed of the existence of self-dual codes whose minimum distance is k + 1 for sufficiently large q. This is, of course, also an upper bound on minimum distance for rate one-half codes.
